In this work, we prove some coupled fixed point theory for ψ-contractive in partial metric spaces which extend and generalize some results on fixed point theorems in ordered partial metric spaces. We also provide an example in support of our main result.
Introduction
The first result in the existence of a fixed point for contraction type of mappings in partially ordered metric spaces has been considered recently by Ran and Reurings [23] in 2004. Following this work, Nieto and lopez [21, 22] extened the results in [23] for non-decreasing mapping. Later, Agarwal et al. [4] presented some new results for contractions in partially ordered metric spaces.
A notion of coupled fixed point theorem was defined by Guo and Lakshmikantham [16] . After that, Bhaskar and Lakshmikantham [15] introduced the concept of mixed monotone property. Furthermore, they proved the existence and uniqueness of a coupled fixed point theorems for mappings which satisfy the mixed monotone property in partially ordered metric space. Since 2006, many authors have studied coupled fixed point theorems in partially ordered metric space and their applications have been established. As a continuation of this work, several coupled fixed point and coupled coincidence point results have appeared in the recent literature. Work noted in [12-14, 17, 20, 24, 26, 27] are some examples of these works.
In 1994, Matthews [19] introduced the concept of partial metric spaces which is a generalized metric space in which each object does not necessarily have to have a zero distance from itself. After this, many authors studied the existence and uniqueness of a fixed point for contractive conditions on partial metric spaces.See in [1-3, 5-11, 18, 28] for some example.
Recently, Wangkeeree and et al. [28] established some coupled fixed point for generalized weakly contractive mapping having the mixed monotone property in ordered partial metric spaces.
In this work, we prove some coupled fixed point theory for φ-contractive in partial metric spaces.
Preliminaries
In this section, we recall some definitions,lemma and examples which are useful for main results in this paper.
Definition 2.1 [19] A partial metric on a nonempty set X is a function
p : X × X → R + 0 such that for all x, y, z ∈ X: (p1) x = y ⇔ p(x, x) = p(x, y) = p(y, y), (p2) p(x, x) ≤ p(x, y), (p3) p(x, y) = p(y, x), (p4) p(x, y) ≤ p(x, z) + p(z, y) − p(z, z).
Remark
(i) A partial metric space is a pair (X, p) such that X is a nonempty set and p is a partial metric on X.
(ii) If p(x, y) = 0, then x = y.
(iii) Each partial metric p on X generates a T 0 topology τ p on X which has a base of the family of open ball p-balls {B p (x, ), x ∈ X, > 0}, where
is a metric on X. 
Let (X, p) be a partial metric. We endow the product space X × X with the partial metric q defined as follows :
A mapping F ; X × X → X is said to be continuous at (x, y) ∈ X × X if for each > 0, there exists δ > 0 such that
The concept of a mixed monotone property and a coupled fixed point have been introduced by Bhaskar and Lakshmikantham in [15] . Definition 2.4 [15] Let (X, ≤) be a partially ordered set and F : X ×X → X. We say F has the mixed monotone property if for any x, y ∈ X
and
Lakshmikantham andĆirić in [17] introduced the concept of a mixed gmonotone mapping and a coupled coincidence point. Definition 2.6 [17] Let (X, ≤) be a partially ordered set and F : X ×X → X and g : X → X. We say F has the mixed g-monotone property if for any x, y ∈ X
and Wangkeeree and et al. [28] prove coupled fixed point theorem which generalization of the result of Alsulami et al. [6] as follow. Theorem 2.9 [28] Let (X, ≤) be a partially ordered set and let there exist p be a metric on X such that (X, p) is a complete partial metric space. Let F : X × X → X be mapping having the mixed monotone property on X. Suppose that there exists φ ∈ Φ and ψ ∈ Ψ, such that the following holds
Definition 2.8 [17] Let X be a non-empty set and
for all x, y, u, v ∈ X with x ≥ u and y ≤ v, where
Suppose also either (a) F is continuous or (b) X has the following property:
(ii) if a non-increasing sequence {y n } is such that y n → y, then y n ≥ y for all n.
If there exist x 0 , y 0 ∈ X such that
We shown our first result which generalizes Theorem (2.9).
Main results
Let Φ denote the set of functions φ :
Theorem 3.1 Let (X, ≤) be a partially ordered set and let there exist p be a metric on X such that (X, p) is a complete partial metric space. Let F : X × X → X be mapping having the mixed monotone property on X. Suppose that there exists φ ∈ Φ, such that the following holds
Suppose also either (a) F is continuous or (b)
X has the following property:
Proof Let x 0 , y 0 ∈ X. We can choose x 1 , y 1 ∈ X such that
Again we can choose x 2 , y 2 ∈ X such that
Continuing this process we can construct sequences {x n } and {y n } in X such that
Next, we show that
For n = 0. Since x 0 ≤ F (x 0 , y 0 ) and y 0 ≥ F (y 0 , x 0 ) and (3), we have
Thus (4) holds for n = 0. Now suppose that (4) hold for some fixed n ≥ 0. Then x n ≤ x n+1 and y n ≥ y n+1 for all n ≥ 0.
Since F has mixed monotone property, we have
By mathematical induction, we conclude that (4) holds for all n ≥ 0.
If there exists
is a coupled fixed point of F . This is finishes the proof. Now we assume that (x k+1 , y k+1 ) = (x k , y k ) for all n ≥ 0. Thus, we have either x n+1 = F (x n , y n ) = x n or y n+1 = F (y n , x n ) = y n for all n ≥ 0.
Consider now the sequence of nonnegative real number {δ n } ∞ n=1 given by
. Since x n ≥ x n−1 and y n ≤ y n−1 , using (2) and (3), we have
From (5) and property of φ it follows that the sequence {δ n } ∞ n=1 is non-increasing. Therefore, there exists some δ 0 such that
We shall prove that δ = 0. Assume, to the contrary, that δ > 0. Then by letting n → ∞ in (5), from 0 = φ(0) < φ(t) < t and lim r→t + φ(r) < t for each t > 0, we have
which is a contradiction. Thus δ = 0 and hence
It is easy to see that δ
p n ≤ 2δ n for all n ≥ 1. Take lim as n → ∞ and use (6), we get
We now prove that {x n } and {y n } are Cauchy sequence in (X, d 
Further, corresponding to m(k), we can choose n(k) in such a way that is the smallest integer with n(k) > m(k) K and satisfying (8) . Then
Using (8) and (9) and the triangle inequality, we have ε r
Letting k → ∞ in the above inequality and using (6), we get
Using triangle inequality, we have
Now, let
We have
By Definition 2.1 and (6) , we have
Taking k → ∞ in (13) and using (11), we have
Hence we can use (2) one obtains
By (12), we have
Letting k → ∞ in (15) , (7) and using lim r→t + ϕ(r) < t for each t > 0, we have 
which implies that
From Lemma 2.3 , (6) and Definition 2.1, we have
Using (18) and (2), we have
Therefore, we get
We now prove that x = F (x, y) and y = F (y, x). Suppose that the assumption (a) holds. For any ε > 0, F is continue at a point (x, y) implies that there
by (18) , we have
Since (18) and let ξ = min{
For any n ≥ n 0 , we have
Using (20) in above inequality, we have p(F (x, y), x) < ε. Since ε is arbitrary, we get
Similarly, we also have p(F (y, x), y) = 0. From (20) and Definition 2.1, we have F (x, y) = x and F (y, x) = y. Next, suppose assumption (b) hold. From (4), (16) and (18), we have {x n } is a non-decreasing sequence, x n → x and {y n } is a non-increasing sequence, y n → y as n → ∞. By assumption (b), we have for all n ≥ 0 x n ≤ x and y ≤ y n .
We get
and p(F (y, x), y) ≤ p(F (y, x), y n+1 ) + p(y n+1 , y) = p(F (y, x), F (y n , x n )) + p(y n+1 , y).
By (26) and (27) , we have p(F (x, y), x) + p(F (y, x), y) ≤ p(F (x, y), F (x n , y n )) + p(x n+1 , x) + p(F (y, x), F (y n , x n )) + p(y n+1 , y) ≤ φ (p(x, x n ) + p(y, y n )) + p(x n+1 , x) + p(y n+1 , y).
Taking limit as n → ∞ in (28) and using (18) and property of ψ we get
p(F (x, y), x) = 0 = p(F (y, x), y).
Using (19) , we have x = F (x, y) and y = F (y, x). 
